We analyze the problem of the existing ambiguities in the conformal anomaly in theories with external scalar field in curved backgrounds. In particular, we consider the anomaly of self-interacting massive scalar field theory and of Yukawa model in the massless conformal limit. In all cases the ambiguities are related to finite renormalizations of a local non-minimal terms in the effective action. We point out the generic nature of this phenomenon and provide a general method to identify the theories where such an ambiguity can arise.
Introduction
Fundamental scalar fields constitute an important element of the standard model of particle physics and modern cosmology, in spite that there is not yet any experimental confirmation of their existence. Indeed, the cosmological applications of the scalar fields (e.g. inflaton [1] , cosmon [2] and quintessence [3] ) require formulating them on curved backgrounds at both classical and quantum level. It is well known that the consistent description of scalar field on curved backgrounds (see, e.g. [4] for an introduction) is based on the non-minimal covariant action S = S scal + S vac , where
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(R + 2Λ) + a 1 C 2 + a 2 R 2 + a 3 E + a 4 2R ,
where C 2 = R 2 µναβ − 2R 2 αβ + 1/3 R 2 is the square of the Weyl tensor and E = R 2 µναβ − 4 R 2 αβ + R 2 is the integrand of the Gauss-Bonnet topological invariant (Euler number). a 1 , ..., a 4 and G , Λ are independent parameters of the vacuum action, λ, ξ, τ 1 , τ 2 , κ, ρ are independent parameters in the scalar sector, including the non-minimal parameters (ξ, ρ) of interaction with the scalar curvature 2 . The action S contains all local diffeomorphism invariants up to dimension four to guarantee the renormalizability of the theory at quantum level. Terms with odd powers of φ have been included to consider models with spontaneous breaking of the φ ↔ −φ symmetry 3 .
The presence of non-minimal terms like Rφ 2 and Rφ and S vac might be required because they may emerge as infinite quantum corrections. In this case one needs such terms in the classical action for renormalization purposes. These are not, however, the only possible types of quantum loops contributions. Some other important quantum corrections to S of non-local type might also appear. In the absence of scalar fields, for the massless conformal case, these contributions can be partially evaluated by means of the conformal anomaly (see, e.g. [5, 6, 7, 8] for some works on conformal anomaly and [9, 10] for the anomalyinduced effective action). In the case of massive quantum fields there is no general method of calculation and one has to rely on some expansions which are valid, typically, either for large or small masses. In any case the effective action is a functional of the metric and the background scalar field, and the quantum corrections are somehow related to the renormalization of the parameters a i , G, Λ . There are, however, more involved situations, where the scalar field is present at the cosmic scale. In this case the quantum fields are interacting not only to the external metric but also (directly or via the metric) to the external scalar field. Therefore, in order to provide renormalizability, the vacuum effective action has to include all local diffeomorphism invariants of dimension four constructed from both metric and scalar fields. In other words the whole scalar action S scal must be considered as a part of the vacuum action. In this situation it is important to extend the available information concerning conformal anomaly and corresponding derivation of the effective action to the theory with an external scalar. It is known that for vanishing external scalar fields the anomaly manifests an ambiguity in the 2R-sector [5, 11] . In the recent paper [7] we have investigated this ambiguity in details. In particular, we have shown that there is no conflict between the results for the coefficient of the 2R term in the dimensional and other regularizations, for the dimensional regularization leaves this coefficient completely arbitrary. Furthermore, we have constructed 2 We use the Euclidean metric η µν = diag (+ + ++) and the definition
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another example of covariant Pauli-Villars regularization with similar ambiguity. In all cases the coefficient of the 2R term can be fixed by the renormalization condition for the finite R 2 -term in the vacuum action. Thus the ambiguity concerns only the initial point of the renormalization group trajectory for the corresponding parameter but not the shape of this trajectory.
The purpose of the present paper is to extend the results of [7] for the case of a scalar field. We study the anomaly and the effective action in the presence of a non-vanishing scalar background and in particular investigate if new ambiguities appear in that case. Indeed, the scalar may also interact with other, e.g. fermion fields. Therefore, a complete understanding of the problem requires to consider also the quantum effects of these interactions. Finally, we consider two distinct models: self-interacting scalar field theory and Yukawa model for the scalar-spinor interactions. In both cases we shall find the anomaly via the massless conformal limit in the effective action for massive fields, not only by using dimensional regularization [6] (see also [7] ), but also by covariant Pauli-Villars regularization. The use of this regularization has proved very fruitful in the analysis of the anomalous ambiguity in the case of pure gravitational background [7] and we shall extend these results for the case with non-vanishing scalar field backgrounds.
The paper is organized as follows. In next section we formulate the conformal symmetry and anomaly for the scalar backgrounds in curved space-times. The derivation of anomaly is performed by means of dimensional regularization [6] and the discussion of corresponding ambiguities will parallel that of Ref. [7] .
In sections 3 and 4 we analyze the divergence structure in the self-interacting scalar theory and in the Yukawa model. Furthermore, we use Barvinsky-Vilkovisky formalism [12, 13] and the approach developed in [14] to derive the non-local finite part of the effective action for the case of massive Yukawa model. In the case of self-interacting scalar theory, this calculation has been already done in [15] . The results for massive theories enable us to apply the covariant Pauli-Villars regularization for the comprehensive analysis of the nature of the new ambiguities due to the presence of scalar background. Finally, in section 5 we outline our conclusions concerning the general status of local conformal symmetry at quantum level.
Local conformal symmetry and dimensional regularization
It is well known that the global conformal symmetry SO(4, 2) is usually broken by quantum radiative corrections. At the same time there is another similar symmetry associated to the background fields. This symmetry is local 4 and is not directly related to space-time transformations, however it is also broken by anomaly. The local conformal symmetry corresponds, in the case of the scalar field φ, to the transformation law
where σ = σ(x) is an space-time scalar function. This local conformal symmetry reduces to Weyl symmetry when there is no scalar background fields φ. The action S is invariant under this symmetry if the following conditions are satisfied:
The corresponding Noether identity is
The first term is the usual trace of the Energy-Momentum tensor while the second term is a new contribution due to the presence of a background scalar. If the scalar satisfies the classical equation of motion the second term vanishes and the Noether identity (5) reduces to the standard condition for Weyl invariance. The existence of a quantum anomaly implies the violation of the identity (5). In absence of scalar background fields, the simplest way to discover the conformal anomaly is via dimensional regularization [6] . However, the derivation of the anomaly in dimensional regularization may exhibit some ambiguities [7] and these ambiguities might become even larger in the presence of scalar background fields.
Dimensional regularization proceeds by extending the covariant perturbative expansion to an arbitrary dimension n. This is achieved by replacing the differentials and integrals in the action (1) by the n-dimensional covariant derivatives and integrals, e.g.
The dimensionality of the different terms in the action for n = 4 is restored by inserting an appropriate power of the dimensionfull parameter µ which sets the renormalization scale. The first observation is that the purely metric part of the action (2) is not conformal invariant in n dimensions independent on the values of the parameters of the action, in both cases of global and local transformations. The situation in the scalar sector (1) is more complicated. In fact, the procedure (6) leaves the room for different prescriptions to extend the action of the scalar field. In order to satisfy the symmetry under the global conformal symmetry (7) one needs to comply with the same conditions (4). However, in order to provide the local conformal symmetry one has to generalize the transformation law for the scalar field and the value of the non-minimal parameter ξ, correspondingly, to
An important observation is that, in the classical theory, the introduction of conformal coupling is not really necessary. After the removal of the regularization by taking n → 4 limit, the theory is the same independently on whether we follow (7) or leave the transformation for scalar in the original form (3) and keep ξ = 1/6 in n dimensions. Now let us discuss the violation of conformal symmetry on quantum level in the framework of dimensional regularization. There are two alternative, although equivalent, ways of deriving the anomaly. Let us start from the one which is close to the original derivation of Duff [6] and is based on the direct use of the counterterms. The second method is based on the evaluation of the finite part of the effective action [17] , which becomes anomalous after subtracting divergencies. This method will be used in next sections to check the correctness of the derivation based on the counterterms.
It proves useful to rewrite the Noether identity (5) in different field variables. Let us define g µν =ḡ µν · e 2σ and φ =φ · e −σ , whereḡ µν andφ are some fiducial fields. It is important to keep the original four-dimensional form of the transformation law (3) for the scalar, instead of the generalized one (7). In the new variables the conformal transformation is reduced to the shift of σ, while (5) is cast in the new form
At quantum level, the effective action which includes classical action plus the naive oneloop corrections Γ = S +Γ (1) is locally conformal invariant at n space-time dimension.
Now, the presence of the UV divergences inΓ (1) requires introducing local counterterms, ∆S (1) , which explicitly break the conformal symmetry. In the vicinity of n = 4 the requested counterterms are defined as
β i and α i being the β-functions in the vacuum and scalar matter sectors, respectively. The effect of these terms into conformal Noether identity is
Let us remark that this expression is exactly the anomaly of the global conformal symmetry and hence it can be obtained via the renormalization group [18, 4] or the ζ-regularization method [19] . The expression for the conformal anomaly (10) has been used to get an explicit form of the anomaly-induced action in the scalar-metric theory (cosmon model) [20] , with very interesting phenomenological implications. In next sections we will show that the approach described above agrees with the calculation based on the heat-kernel [12] and Pauli-Villars methods. Before discussing the source of ambiguities in the dimensional regularization, let us make some general remarks. The counterterms in ∆S are local expressions on the background fields, whereas among the finite terms of the effective actionΓ (1) there are both local and non-local terms. The universality of non-local terms [21, 22] guarantees the universality of the terms in the anomaly which are not total derivatives. In the particular case of metric and scalar background fields this means that the ambiguities should only affect the coefficients α 2 and β 4 of the terms 2φ 2 and 2R and the corresponding local terms Rφ 2 and R 2 in the finite part of the effective action. The ambiguities arise from the conformally invariant local terms in the counterterms ∆S (1) which are total derivatives or, equivalently, from the finite local anomalous terms ofΓ (1) . Qualitatively the reason for this is as follows. The splitting of the quantum effective action into divergent and finite parts is ambiguous and the actual expression for the conformal anomaly becomes dependent on this splitting in the local terms which break local conformal symmetry. In principle, the ambiguity has to be fixed by the choice of a suitable renormalization scheme [5, 7] . However, as we shall see below, in the presence of background scalar this may be a difficult task to accomplish. The ambiguity in the splitting can be easily understood within the dimensional regularization scheme. The conditions for constructing the counterterm of the Rφ 2 type are locality and cancellation of the divergent part of the effective action. However, both requirements allow, instead of the minimal choice
in the Rφ 2 term of (9), a more general choice
where κ is an arbitrary dimensionless parameter. For any value of κ the counterterm is local and it cancels the UV divergence. Hence we meet an ambiguity. The corresponding term in the anomaly (10) depends on κ
The arbitrariness here is quite similar to the one discussed in [7] for the 2R term. From the previous discussions it is also straightforward to understand what is the general structure of the ambiguous terms in any dimension: 2φ 2 and R in two dimensions and
for any even dimension n. The corresponding local terms of the finite part of the effective actions may have the form
In the case of background gauge fields there are also extra terms like the Chern-Simons term in 3-dimensions [24, 21] . Let us discuss, for completeness, another possible implementation of local conformal symmetry in dimensional regularization which does not lead to the same result. Following the method introduced in [6] (see also [8, 25] ) one could use a different transformation law for the background scalar field (7) and the corresponding value of ξ(n). The peculiarity of this prescription is that S scal becomes invariant under local conformal transformations in arbitrary dimension and, of course, the same is true for the corresponding counterterms. Thus, although the pure gravitational part of the anomaly is obtained as in the minimal prescription [7] , there is no φ dependent part of the anomaly. The final expression for the conformal anomaly is reduced to
that essentially differs from the correct one (10). There are missing terms which depend on the scalar background field φ. A more exotic renormalization scheme, leading to the total uncontrollable ambiguity in the conformal anomaly, is demonstrated in the Appendix.
Self-interacting scalar field
The derivation of the effective action for self-interacting scalar field theory (1) has already been carried out in dimensional regularization [15] and we shall merely analyze the limit relevant for conformal anomaly. For the sake of simplicity we consider the special case with vanishing values of the coefficients τ, κ, ρ of the odd-power terms in the action (1). The one-loop effective action is defined, within the background field method, as
where the hats indicate operators acting in the space of the quantized fields. For the case of the real scalar field φ, 1 is the image of the delta function and P = −(ξ − 1/6)R + λφ 2 /2.
The divergent part of effective action can be easily calculated using the standard SchwingerDeWitt techniquē
Let us notice that all the integrals in this section are four-dimensional, because we use dimensional regularization in the minimal way discussed in the previous section. Alternatively one can apply the proper-time cut-off regularization [12, 7] here, the result is of course the same. Later on we shall see that if instead of dimensional regularization we use the covariant Pauli-Villars regularization [7] the logarithmic divergent part of the action will agree with (14) .
The calculation of both divergent and finite part of the effective action has been performed up to the second order in the curvatures (R µναβ , P ) using Feynman diagrams on flat backgrounds and also the heat kernel solution [13, 12] . The result is [14, 15] 
2 m 2 − γ , γ being the Euler number. The relevant form factors are [14, 15] 
where we used the notations [14]
An important difference between the divergences (14) and the divergent part of (15) is that the first expression does include surface terms while the second one does not. Indeed, one can always restore these terms using anomaly. The conformal limit corresponds to m 2 → 0 and ξ → 1/6. The useful relations corresponding to the massless limit m 2 → 0 are as follows:
Applying the limit (19) to the expression (15) reduces the non-conformal term tō
It is easy to see (using the formulas of previous section) that this result perfectly fits with the divergence (14) . The coincidence holds for both metric and metric-scalar local terms. Hence, at this level, the heat-kernel solution does not show any sign of ambiguity discussed in section 2. Let us now analyze the explicit emergence of these ambiguities in the framework of PauliVillars regularization. In this regularization method the classical action (1) is supplemented with extra Pauli-Villars fields whose interactions with the physical field φ are given by
The physical scalar field φ (also labeled below by ϕ 0 ) is conformally coupled (ξ = 1/6) and has bosonic statistics (s 0 = 1). The N Pauli-Villars fields ϕ i (i = 1, . . . , N) are massive m i = µ i M = 0 and may have degeneracy s i . These fields can have either bosonic or fermionic statistics. In the first case the degeneracy of the field s i has to by multiplied by the factor of 1 and in the former case by the factor of −2. We also assume, for the sake of completeness, that the Pauli-Villars regulators might have non-conformal couplings ξ i = 1/6. The regularized effective action of the massless scalar field with conformal coupling ξ = 1/6 is given byΓ
where Λ is an auxiliary momentum cut-off. According to the general prescription, all divergences in the ultraviolet cut-off Λ are cancelled out due to the Pauli-Villars conditions
which are identical to those of the free scalar fields [7] . The first equation ( 
Another possible solution emerges if one takes all s i , µ i as in (23) and ξ i ≡ 1/6. At that point we detect an ambiguity in the solution for the regularized effective action. A compact expression for the effective action is obtained in the limit M → ∞ . In this limit the form factors k W (a) and k R (a) for the auxiliary regulator fields ϕ 1,...,5 vanish and the asymptotic form of the remaining expression has the form
where
The finite part of the effective action (15) which breaks conformal invariance has two kind of terms. First, the terms which are non-local because of the presence of logarithmic in insertions and second those which are local. The last terms essentially reduce to two types, Rφ 2 and R 2 . The first type of terms have universal coefficients because of their non-locality.
The second type of terms depend on arbitrary parameters of the Pauli-Villars regularization δ and σ. These properties are inherited by their descendents in the expression for conformal anomaly in the covariant Pauli-Villars regularization
The last expression shows that, whereas the coefficient of the λφ 4 , Weyl and Euler terms in the anomaly are universal, those of R and φ 2 terms are in fact arbitrary, for they depend on the regularization procedure. Qualitatively this is the same ambiguity we have detected in the dimensional regularization case. The analysis performed above can be easily expanded and we can establish a general structure of the ambiguities. The ambiguous terms of the effective action are always (up to the conformal terms) of the form RA(R, φ), where A is a dimension n − 2 local operator which induce the anomaly terms of the type A(R, φ). Indeed, in dimension n = 4, we have A = R or A = φ 2 , in n = 2, A = cte or A = φ k , however from the above consideration it is clear that in arbitrary dimension n the operator A = φ 2 is always ambiguous.
The Yukawa model
The Yukawa model in curved Euclidean space
describes the interaction of fermionic field ψ with a scalar background field φ. Let us denote
The one-loop effective action can be calculated in two different ways. The first possibility is to consider
and the second corresponds tō
where we use the known factΓ
f ermion is an even functional in ϕ. Let us notice that the derivation of the second term in (29) can be performed in a standard way (see, e.g. the second reference in [14] ).
In the first case (29) the relevant operator is
The calculation of divergences can be performed using standard prescription [26, 27] (see also [4] ) and the result is
In the second approach (30) the relevant operator is
The divergences have the same form except that the coefficient k has a different value k = k 2 = −4/3. The difference in the coefficient k is quite remarkable, for it might indicate to the arbitrariness in the anomalous Rφ 2 term in the finite part of the effective action.
Later on we shall confirm that this is exactly the case. The operator H · H * 1 in the prescription (29) has linear in derivative term and does not admit direct application of the heat-kernel solution [12] . The derivation of the full (with finite part) effective action using the method of [12, 14] gives, in the case of the prescription (30), the following result:
The higher derivative form factors k f W and k f R can be found in the second reference in [14] . The change ϕ 2 → (ϕ 2 − m 2 ) = h 2 φ 2 + 2mhφ is due to the fact we have to settle m 2 into exponential of the heat kernel representation for the effective action [14] . The massless limit (19) of the finite part of the one loop effective action (34) leads to the following expression for the non-conformal term:
which is quite similar to the result for the scalar case (20) . There are non-local finite terms which are in one to one correspondence with the local UV divergent terms. These terms were cancelled by counterterms in a momentum-subtraction renormalization scheme (see [14] for a detailed discussion). On the top of that, we have two usual local terms √ gR 2 and √ gRφ 2 . At this level no ambiguity is observed.
More complete analysis can be performed in the framework of Pauli-Villars regularization, in a way similar to that described in the previous section. Our purpose is to detect the ambiguity in the local terms √ gR 2 and √ gRφ 2 , these ambiguities are expected to be similar to the ones we met for the scalar case. In order to use this analogy we need to introduce some parameters similar to the non-minimal ones ξ i . In order to get the most general ambiguity we shall introduce PV regulator fields ψ i with bilinear couplings like in (33) to include non-minimal couplings
where 
The Pauli-Villars conditions for s i and µ i are similar to (23), the only difference is the sign of the contribution of the massless physical field, which is opposite compared to the scalar case
also we have here factors χ i instead of ξ i − 1/6. The solution of equations (38) is opposite in sign to the one of (23) . 
Exactly as in the scalar case, another solution emerges if taking the same s i , µ 2 i and χ i ≡ 0. Finally, we arrive, in the massless limit m → 0, at the following expression for the conformal anomaly
where σ and δ are parameters depending on details of the Pauli-Villars regulators. This dependence indicates the ambiguities of the coefficients of the total derivative terms φ 2 and R. Qualitatively, the ambiguity is the same as in the scalar case.
Conclusions
We have investigated a problem of conformal anomaly and the corresponding ambiguity in the theory of quantized matter fields on the background which consists of the space-time metric and an additional scalar field. The anomaly can be evaluated via different methods and perhaps the most simple one is based on the dimensional regularization. However, the renormalization schemes based on this regularization allow a much larger ambiguity in the anomalous part of effective action. A similar ambiguity can be also observed in covariant Pauli-Villars regularizations. Except the specially designed artificial renormalization scheme described in the Appendix, the ambiguity concerns only the local sector of the effective action, while the non-local part of it is well defined. In this respect our results are quite similar to the ones obtained earlier in [7] for the purely metric background case. Although there is a serious difference between the two cases. The ambiguity in the pure metric case concerns only the vacuum sector, that is the effective action of external metric field. In the present case of a metric-scalar background the ambiguity concerns also the action of quantized scalar field. Hence the effect of this ambiguity is much stronger. If one attempts to fix the problem by introducing the special renormalization condition, the theory becomes conformally non-invariant already at the classical level. In this respect the theory of conformal scalar field is closer to quantum conformal gravity [23] , rather than to the theory of free conformal matter on purely metric background. Finally, the main lesson we learned from exploring the ambiguity in the quantum violation of local conformal symmetry is that this symmetry can not be exact even at the classical level. The model with local conformal symmetry does not enable one to obtain a consistent theory at quantum level, because the quantum corrections are plagued by ambiguities. Our consideration also leaves open the possibility to regard the conformal symmetry as an approximation. In this case the conformal anomaly must be seen as a useful way to evaluate the effective action and the corresponding ambiguities may be easily fixed by implementing the corresponding renormalization conditions on the coefficients of local non-conformal terms in the renormalized action of the theory. The approximate character of conformal symmetry will manifest itself in a hierarchy of the parameters of the starting action. The parameters in the non-conformal sector must be some orders of magnitude smaller than the ones in the conformal sector. In this case local non-conformal terms will be indeed modified by the quantum (mainly anomalous) contributions, while the ambiguities can be easily fixed through the renormalization conditions in the non-conformal corner of the theory.
where we took the simplest transformation law (3) of the scalar field for simplicity 5 . It is obvious that this counterterm is conformal invariant and therefore using the standard procedure of deriving anomaly from [6] does not produce anomaly et all. The same is true also for other anomalous terms. Therefore, the combination of the dimensional regularization and scalar field makes the whole anomaly arbitrary, not only the part corresponding to the local sector of the one-loop effective action. There are several reasons why such an ambiguous renormalization scheme is unphysical. The dependence φ n−4 is non-analytic on the scalar field φ for non-integer values of n and for such a reason it can never be generated by radiative perturvative corrections. Indeed, in perturbation theory Feynman graphs have a definite integer number of external legs (φ ′ s) which can not be a fractional number (see, however, Ref. [28] for scenarios with emergence of non-perturbative non-analiticities). On the other hand the form of the counterterms does not need to follow the form of the original quantum corrections, but only satisfy the requirements formulated above. Nevertheless, the scheme based on (41) is very artificial and that the resulting "total" ambiguity does not correspond to the direct calculations of a finite part of the effective action. In general, the existence of the scheme described above just shows that the dimensional regularization is not an appropriate instrument to derive the conformal anomaly, especially if the scalar field is present.
